Control-moment gyroscopes (CMGs) are power-efficient attitude-control actuators that produce high torques for agile spacecraft. We propose the use of CMGs in actuating joint degrees of freedom in a spacecraft-mounted agile coelostat telescope, whose tasks include acquiring and tracking a high-speed target. High agility, on the order of several radians per second, is a priority for such a system; however, such capabilities are achieved with traditional actuators only at the expense of excessively high electrical power. The proposed design provides reactionless, agile slewing of a telescope for a small fraction of the power required by fixed rotors in a reaction wheel assembly. This study provides explicit equations of motion for the proposed system and demonstrates by simulation that a CMG-driven system offers the same agility with less than 10% of the power of a telescope actuated by reaction wheels. 
I. Introduction
CONTROL-moment gyroscope (CMG) is a torque actuator primarily used for the attitude control of a spacecraft. CMGs have traditionally been used to produce high torques efficiently in large spacecraft, including agile earth-imaging satellites, Skylab, MIR, and the International Space Station. Steering a gimbaled payload independently of the spacecraft bus can be accomplished in many ways, including the obvious application of torque to each joint by a motor. However, these approaches produce a reaction torque on the spacecraft that may cause complex dynamic behavior of the rotating bodies. This coupling, in turn, can degrade the performance of an attitude control system that must maintain precise pointing of the spacecraft. A reactionless drive can address this problem. For example, using a device like a reaction wheel assembly (RWA), whose rotor accelerates about an axis fixed in the frame of each body, results in a payload whose angular momentum is constant. Therefore, there is no reaction torque on the spacecraft bus. However, reaction wheels do not typically provide very high torque, since that torque is obtained at the price of high electromechanical power,
where τ represents the torque that is applied by the RWA when the rotor spin speed ω is changed.
We propose using control-moment gyroscopes in place of reaction wheels in these reactionless applications. A CMG consists of a constant-speed rotor and a gimbal that changes the direction of the rotor's angular momentum vector. Since this change in angular momentum generates a gyroscopic torque that is purely a constraint torque, it does no work, and therefore does not require power. If the CMG were fixed and lossless and if the gimbaled inertia were zero, the CMG would require no input power. In practice, CMGs offer orders of magnitude higher torque for the power of an equivalent RWA.
This study evaluates the use of CMGs in a spacecraft-mounted, agile coelostat telescope, whose tasks include slewing to acquire and track a high-speed target. The results apply equally well to other applications, such as robotic arms for on-orbit construction and repair. In a system required to slew very fast, a payload driven by CMGs is especially desirable because of their much higher torque for input power. A clear disadvantage to using CMGs for spacecraft attitude control is the existence of singular configurations, which occur when there exist one or more directions in which the CMG arrangement cannot produce a torque. Encountering a singularity can result in problems such as very high gimbal-rate commands. [1] [2] [3] In this application, we address the issue of singularities with the use of a special CMG configuration, which is described in the following section.
The robotic arm of an agile coelostat may consist of many linked bodies, but Fig. 1 illustrates the concept with a simple example that includes only two bodies. An end effector, which may represent an optical aperture, is mounted on the outboardmost body. 4, 5 Before developing the control laws for this system, it is necessary to first understand its fundamental dynamics. Useful information can be extracted from the equations governing the motions of this complex system. Using Kane's method, 6 we can systematically derive the equations of motion and use them to demonstrate the low-power features of this CMG-driven system. 
II. Baseline Concept

A. Proposed System Description
As a part of our concept, we propose a system that has a scissored pair of CMGs fixed to each body, providing torque along the body's joint axis. A scissored pair, illustrated in Fig. 2 , consists of two identical, counter-rotating CMGs that share a gimbal axis. The vector sum of the individual angularmomentum vectors for the CMG rotors always lies along the joint axis regardless of gimbal angle. Crosscoupling torques result when using a single CMG, since components of momentum are produced along the axis orthogonal to both the joint and gimbal axes. However, such torques are cancelled in a scissored pair because the gimbals are driven with equalmagnitude angles in opposing directions. This feature allows gimbal rotations through large angles so that most of the momentum stored in the CMGs can be transferred to the bodies without introducing crosscoupling torques. A scissored pair therefore has an advantage over the use of a single CMG which must be restricted in gimbal angle to minimize this effect. 7, 8 The scissored pair shown in Fig. 2 stores the maximum possible angular momentum at a gimbal angle of φ = 0 radians.
In the proposed application, a scissored pair is also useful because the torque it provides along the single axis of interest is nonsingular. In most respects, a scissored pair is just as simple as a reaction wheel. Other singularityavoidance solutions are possible, and in fact a single CMG per joint may provide sufficient input degrees of freedom for control. However, the special nature of this application, in which each body features a single rotational degree of freedom, makes the scissored-pair arrangement very straightforward.
B. Formulation of Equations of Motion for the Proposed Multi-body System
Our analysis starts with the simple case of a single body attached to a wall with a scissored pair of CMGs. The angular momentum of each rotor is taken to be constant. We further assume that the center of mass of the system lies somewhere on the joint axis. The composite inertia dyadic of the rotor and gimbal for each CMG is taken to be spherical, and each CMG rotor is symmetric about the joint axis, 11 e . This simple system is illustrated in Fig. 3 . below. 
where the scissored pair angular momentum is given by the last 2 terms. After expanding the angular velocities of the last three terms as a kinematic chain, we combine terms to obtain 12 12 12
Since the scissored pair is defined such that the gimbal angular velocities are equal and opposite, i.e., 
for CMGs on any body. In addition,
we can rewrite the last two terms as constant quantities h 11 and h 12 , considering each as an irreducible "embedded momentum." Finally, we combine the inertia of the body, I 1 , and that of the CMGs, to form a composite inertia
With these simplifications, the angular momentum becomes Figure 2 suggests that the embedded momentum, or rotor angular momentum, for a CMG can be rewritten as a trigonometric expression. Also, noting that the magnitude of each rotor's angular momentum are equal, or |h 11 | = |h 12 |= h 1 , we can express the system angular momentum as
To find the torque on the system, we take the derivative of the system angular momentum in an inertial frame
Using the transport theorem on the first term leads to
Our assumption that the CMG has an approximately spherical inertia eliminates the last term, leaving only
The negative sign in front of the last term in Eq. (9) reflects the fact that the torque exerted on the body is a reaction to the gimbal rotation. We can express the total reaction torque on the body due to this motion as
where net h is the net angular momentum of the CMG scissored pair. Since the CMG rotor is moving with the gimbal, the angular momentum is constant in the gimbal frame. Therefore, the first term on the right side of Eq. (10) is zero. Making the appropriate substitutions leads to ( )
( 1 1 ) The rotor angular momentum vector of each scissored pair CMG lies in the 1-2 plane of the body 1-fixed frame, with opposite 12 e components. Rewriting net h in component form, we simplify Eq. (11) to obtain
where h 1 is the component of either rotor angular momentum vector on the 1-axis.
This analysis can be generalized to a system consisting of n linked bodies. If all bodies are assumed to contain scissored pairs and to conform to the assumptions in the single-body analysis, the torque and angular momentum expressions for each link will be similar. The angular momentum of such a system is straightforward:
Now, when constructing the general torque expression, the only difference from one body to the next is in the torque due to their CMGs. To see this difference, we begin by examining the derivative of the last term in Eq. (6) ( ) 
The second term of Eq. (14) vanishes because the basis vectors of body frame 1 are fixed in that frame, but the cross product in the last term vanishes for body 1 only. The total torque on a system with n rotational joints can be expressed as
With this expression for the torque on the n-body system, we derive the equations of motion for a multi-body system using the method of virtual power, i.e., Kane's method. We assume spherical bodies to avoid unnecessary complications in the derivation, while retaining important behaviors, and write the torque due to each body in terms of the basis vectors associated with them. However, in order to obtain these equations we must first choose a reference configuration for the system leading to the simplest equations of motion that will still provide the same insight into the problem. We have found that a clockwise-spiral configuration illustrated in the three-body example of Fig. 4 yields the simplest generalization of rotation matrices. An arbitrary number of bodies may be included in this model. It is unimportant that this reference configuration may be physically unrealizable for a system with arbitrary geometry.
In this reference configuration, each body-fixed set of basis vectors can be expressed via a linear transformation on the body-fixed basis of its neighboring inboard body.
The basis vectors of any frame can be organized more compactly into a vectrix, or matrix of vectors. 9 The variable i e in Eqs. (16)- (17) is the vectrix of basis vectors associated with the frame fixed to body i. However, using Euler angles leads to matrices that are difficult to generalize, so we use axis-angle parameters for this purpose. Since adjacent body frames are not aligned in this reference configuration, we perform a linear transformation F on the rotation matrix R. 
To clarify, the variable a is a vector representing a body's spin axis that is independent of reference frame. The variable a in Eq. (18) is a component matrix that assumes a vector a and a particular reference frame. For any bodyfixed reference frame, we find a by computing the dot product of a and the vectrix containing the basis vectors of that frame. To obtain a general expression for the orientation of body j relative to body i, we first write
Since a body in this system can only rotate about its 1-axis, 
With these results, we can derive the inertia torque on each body in the system such that the equations for the individual bodies are expressed in terms of the basis vectors associated with each body-fixed frame. 
We now use Kane's method to extract the equations of motion from Eqs. (21)- (23). We begin by choosing the generalized coordinates and generalized speeds for this problem. Each generalized coordinate is the rotational angle of a body relative to its neighboring inboard body
( 2 4 ) The generalized speeds are the time derivatives of the generalized coordinates
( 2 5 ) Finally, the angular velocity of each body in an inertial frame is written in terms of the generalized speeds
With this information, we find the partial angular velocities and organize them into a Jacobian vectrix. In a general system, the number of bodies, i, does not necessarily equal the number of degrees of freedom, j. However, in this case, we have a degree of freedom for each rotational body angle, or body. Kane's general result states that the sum of all generalized inertia torques and generalized active, or applied, torques in a system must be equal to zero in an inertial frame.
In this case, the only generalized active torque on the system is the contact torque due to friction between the innermost body and the stationary base. There are also constraint torques applied between each body, but they do not contribute to the generalized active torques and therefore do not appear in the equations of motion. 
Although we have the active torque between the innermost body and the base, we know a priori that the angular momentum of the entire telescope payload is constant; the torques are entirely internal. The joint torque at the base must therefore be zero unless the joint is driven by a motor. Eliminating the second term from Eq. (29) and performing the dot multiplication in the first term leads to the equations of motion for this three-body system. These equations are given for a specific example in the next section.
III. Simulation
We offer a demonstration of the advantages of the proposed system over an analogous one that uses RWAs for momentum exchange. The objective is to show that the power required to steer the CMG-based system is significantly less than that required for the RWA-based system. The model may consist of an arbitrary number of bodies that undergo a single slew maneuver. In the interest of reducing an already complicated formulation of the equations of motion, this system includes only three bodies.
A. CMG-Based System
The equations of motion for a three-body CMG-based system are 2  2  1  3C  3  3  3   2  3  1  C  3  2  3  1  3  2  2  2   2  3  2  3C  2  3  2  3  2  3  3  3  1  1  1   sin  sin  2   sin  sin  cos  2  sin  2   sin  sin  cos  2  cos  sin  2 
The value I iC refers to the moment of inertia about any axis of the i th spherical composite body. The inertia of a composite body includes the body inertia and the inertias of the scissored pair CMGs. In this simulation, the initial body angles are arbitrary, but equal, for each body and the initial body rates are zero. The CMG gimbal kinematics are prescribed and used as open-loop control inputs. As defined earlier, the gimbal angles, rates, and accelerations of scissored pair CMGs are equal in magnitude. We also assume that for this maneuver, the gimbals have an initial and final position for which the net angular momentum of each scissored pair is zero. To satisfy this condition, the gimbals begin and end in an orientation where the rotor angular momentum vectors are π radians with respect to each other and perpendicular to the joint axis. 10 Therefore, the system begins and ends this motion at rest. The gimbal curves implemented in this simulation require an initial time given by t 0 and a final time given by t f = t 0 + T, where T is the duration of the slew maneuver. Gimbal angles are measured from the joint axis, as previously shown in Fig. 2 .
The coefficients α i set the allowed range of gimbal motion. An example of the CMG gimbal motion is illustrated in Figs. 5 and 6, with α = π/2. Prescribing this motion to both CMGs in the scissored pair results in a smooth motion of the bodies to which they are attached.
By setting α to π/2 radians, we get the maximum torque out of the scissored pair. This is the case shown in Figs. 5 and 6, since we are prescribing a motion where the gimbal rotates from φ = -π/2 to an intermediate gimbal angle φ = 0 (maximum angular momentum transferred to the body), back to φ = -π/2.
In order to examine the power consumption of this three-body CMG system, we first derive the energy of the system. All components of each composite body are included in the following expression:
Rewriting the angular rates as the sum of the joint rates along the kinematic chain and computing the dot products, we obtain the energy for each body: )  sin  cos  cos  sin  cos  cos  sin  cos  (  2   2  3  2  1  2  3  3  1  2  3  1  3  3  3  3 
Since negative values of power indicate energy loss, we compute the absolute value of Eqs. (36)-(38) to reflect the fact that energy is probably not regeneratively recovered through back emf in the gimbal motors. This occurs most likely because of friction in the motors and I 2 R losses due to heat created by the current and resistance in each armature.
B. RWA-Based System
This system is identical to the CMG system except that the gimbal angles are held constant while the magnitude of each rotor spin rate, i R Ω , varies with time. With the same analysis methods that were used in the previous case, the equations of motion of the RWA system are 
In the CMG system, we prescribed the gimbal motion with smooth sinusoidal curves. To construct a RWA system with the same kinematics, we prescribe the rotor spin rate such that the angular momentum of the RWA rotors is identical to that of the CMGs. The angular momentum of the CMGs is given by the second term in Eq. (6) . Since this system configuration matches that of the CMG system, the magnitude of the RWA angular momentum is
where the gimbal angle φ i is held fixed. In our RWA simulations, φ i is always zero. Setting this expression equal to the angular momentum magnitude h i of the CMG system over the duration of the simulation, we prescribe the rotor spin rate
With these results, the expressions for energy and power of the RWA system are derived in exactly the same manner as the CMG system. In the following section, we will use these expressions to compare the power consumption of both systems.
C. CMG and RWA System Comparison
Several parameters greatly influence the system's power consumption, including the composite body inertia, coefficients α i within the sinusoidal gimbal curves, initial body angles, and duration of the slew. Figures 7-9 demonstrate the effect of varying composite body inertia on the power input required for the maneuver. These plots correspond to a three-second slew maneuver with composite body inertia randomly drawn from a uniform distribution on the interval [15, 200] kg⋅m 2 . In each realization of this maneuver, the composite body inertia is the same for each of the three bodies.
This Monte Carlo analysis shows that the benefits of a CMG system are increasingly pronounced with lower composite body inertia; i.e., faster motions demand more power from the RWA system than from the CMG system. The relationship between the power input and system kinematics has also been determined for this simulation and is shown in Figs. 10-12 . There is also a relationship between the power consumption in the CMG system and the maximum gimbal torque. For a CMG on body i, the gimbal torque is given by
( 4 2 ) Since this value is the same for each CMG in the scissored pair, we examine only one CMG per body. Fig. 13 shows the maximum value of the gimbal torque on each body for every realization of the maneuver.
We observe that the maximum gimbal torque for body 1 remains constant at a very small value. This idea is evident in the previously derived expression of the total reaction torque on the body given in Eq. (12) . Since the reaction torque due to the net change in angular momentum has a component only in the 12 e direction, there is no reaction generated in the gimbal axis direction, 13 e . Therefore, the small value of maximum gimbal torque that remains constant for all values of maximum power input is only the torque needed to accelerate the gimbal.
Initial body angles and motion coefficients also significantly affect how these two systems compare, but these effects are not as pronounced as those shown in Figs. 7-9. A Monte Carlo simulation over the parameters listed in Table 1 helps determine regimes in which a CMG system offers the greatest benefits over its RWA counterpart. All values are randomly drawn from a uniform distribution over the following intervals. These random values are assumed to be equal for each body. In addition to these uncertain parameters, some constants of the motion are listed in Table 2 . Finding regimes in which the CMG system dramatically outperforms the RWA system requires choosing a performance metric. This analysis uses the ratio of maximum power magnitude of the RWA system to that of the CMG system, with larger values corresponding to greater benefits provided by the CMG system. The magnitude of power consumption is found by differentiating the energy of each composite body separately and summing the absolute values of these differentiated terms. For a given slew duration, an optimal combination of system parameters is the one that maximizes the aforementioned ratio. This combination represents the configuration for which CMGs maximally outperform RWAs. This optimal combination is demonstrated for a ten-second maneuver, whose time-domain dynamics are shown in Figs. 14-17. Since the body dynamics for the CMG and RWA systems are identical, only one instance for each type of plot is necessary.
The maximum power needed to operate the RWA system exceeds that of the CMG system by at least an order of magnitude. In addition, the CMG system is able to use this lower power to produce the same large torques, preserving our design goal of high agility for the telescope.
IV. Implementation
A. CMG-Actuated Robotic Arm
With simulations of the three-body CMG and RWA-driven systems, we have shown that CMGs are, in theory, a far more efficient reactionless approach to powering robotic systems in space. In order to experimentally demonstrate the benefits of a CMG system and validate our findings, we have developed a three degree-of-freedom prototype arm. 11, 12 In this study, we hope to control this arm with reduced power consumption and high torque output, imparting body rates on the order of several radians per second. Similar to the CMG simulation, this arm contains one scissored pair of CMGs per joint for imparting motion. While there are some small variations among the jointed bodies as built, the CMGs in each body are fundamentally similar. Each CMG contains a spinning rotor constrained by two rolling-element bearings. As shown in Fig. 18 , each rotor is comprised of a mass ring connected to a concentric shaft by a thin plate or series of flanges. While not illustrated, the rotor flanges are covered by thin steel sheets on either side to reduce aerodynamic drag and therefore shaft power required to spin the rotor. Evacuating the rotor housings also promises to significantly reduce the required spin power. The structure is held in place by clevises located on opposing sides. Each clevis is attached to a gimbal bearing that is fixed to the arm.
The design requirements and resulting parameters are listed in Tables 3 and 4 , but further details of the sizing and performance analysis of the CMG design can be found in Ref. 12. Figure 19 shows the structure of the jointed bodies in the arm. Figure 20 is a photograph of the working prototype. The main design goal for this system is to minimize size and weight while maintaining the structural stiffness needed to support the CMG torques. The system contains two barbell segments and a cylindrical segment constructed from transparent cast acrylic tubes with aluminum inserts. The gimbal servo motors are mounted in the aluminum inserts and use timing belts to rotate the CMG scissored pairs in each arm. Since there is a gimbal servo motor for each CMG, the gimbal motors of a given arm must have identical outputs for its CMG configuration to function as a scissored pair. In total, the structure has three degrees of freedom, with each joint allowing 360 degrees of rotation. Further detail and some images can be found in Ref. 13 .
B. Future Experimental Testing
Experimental testing will include an analogue to our simulation comparing CMG and RWA systems. In the first stage, testing will be done with the CMG arm mounted on a platform supported by a spherical air bearing. This air bearing will suspend the mechanical structure by air, allowing nearly frictionless rotation. For these experimental procedures, our analytical solution will be modified to incorporate cylindrical bodies and gravity. We expect to observe some differences in the measured data, particularly the power consumption. These differences may turn out to be attributable to unmodeled dynamics, including the effects of aerodynamic drag on the CMG rotors and friction.
A real-time control system, dSPACE ® , connected to a desktop computer, allows for open-loop position control of the gimbal servo motors. Thus far, we have analyzed the simulated system with open-loop control of the gimbal motion. In doing so, we have predicted only the amount of power that the system will consume given a specified gimbal motion. In order to actively assign the body rates, accelerations, and jerks that use a required amount of power, we will use closed-loop control schemes. With closed-loop control implemented, the joint angles will be the input commands rather than the gimbal angles. The joint angles will be measured with potentiometers mounted on an endplate of each joint.
In order to experimentally observe the benefits of CMGs in a space application, we hope to perform experiments in a reduced-gravity environment provided by the NASA Microgravity University program. For these tests, we will first measure the power and dynamics of the CMG system for a specified maneuver while keeping a constant rotor spin rate. The next part of the experiment will involve taking the same measurements while holding the gimbal angle constant and varying the rotor spin rate. This procedure will allow us to compare the power consumption of the two systems experimentally, as well as provide an excellent opportunity to match field data with theoretical predictions.
V. Conclusions
This study demonstrates effective and relatively simple reactionless methods for actuating a multi-body system. Based on first-principles derivations, simulations have predicted that a system actuated by CMGs is far more powerefficient for the telescope's high-agility and low-power requirements. When compared to a RWA system executing an identical maneuver, the CMG system was shown to produce the same reaction torques with as little as 9% of the power required to slew the RWA system. We found that CMGs maximally benefit the system in certain regimes, namely high-speed motions. These regimes were found by stochastic variation of the parameters that most greatly influence the difference in power requirements of the two systems. The effect of varying composite body inertia on the power output was shown explicitly and we observed that the benefits of a CMG system are greatly reduced in the realm of low agility, when the inertia is sufficiently large relative to the specified CMG angular momentum. By showing the relationship between maximum power input and the system kinematics, we demonstrated that achieving the same agility in both systems leads to very different power consumption. However, for both systems, the maximum power input has an approximately linear relationship with body rate, acceleration, and jerk.
Future work will involve implementing closed-loop control strategies, which will allow the command of body angles and rates that use a desired amount of power. In addition, we intend to use a three degree-of-freedom CMGactuated prototype arm as a testbed for experimental analysis of our three-body system.
